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Exercise 1. For α ∈ R let
Aα = {(x, y) ∈ R2 : y = αx}

We then define

B =
⋃
α∈R

Aα, C =
⋃
α∈R

Aα.

Prove that B 6= C.

Proof. Let U = R2 be the universal set. Consider the following sets provided the information above:

Aα = {(x, y) ∈ R2 : y = αx} (1)

Aα = U −Aα = R2 − {(x, y) ∈ R2 : y = αx} (2)⋃
α∈R

Aα = R2 − {(0, y) : y ∈ R, y 6= 0} (3)

B =
⋃
α∈R

Aα = R2 − {(0, 0)} (4)

C =
⋃
α∈R

Aα = U −
⋃
α∈R

Aα = R2 − [R2 − {(0, y) : y ∈ R, y 6= 0}]

= R2 − R2 + {(0, y) : y ∈ R, y 6= 0}
= {(0, y) : y ∈ R, y 6= 0}

(5)

As we can see in (1), Aα is an arbitrary set of ordered pairs in R2, or points in the xy-plane,
which constitute some linear function with slope α and y-intercept 0. In (2), we can see that the
complement of Aα, Aα, is the set of all elements that are in the universal set, R2, but not in Aα. In
(3), we see that the union of all sets Aα for all α ∈ R, is the set of all points on the xy-plane that
make up all linear functions with slope α and y-intercept 0, except for the y-axis not including the
origin. This is so, because there can be no ordered pair of the form (0, y) for which y is anything
other than 0 when multiplied by any α ∈ R. Now, we can see in (4) that the set B is the union of all
sets Aα for all α ∈ R. Namely, it is all of R2, except for the origin. This is because (0, 0) is the only
element that every set Aα has in common (their intersection), or the point each line (made up of
points in Aα) crosses (where they intersect), and thus, it is the only element not in any complement
set of Aα or the union of all such Aα. Lastly, as we can see in (4), C is the complement of the set
seen in (3), the union of all sets Aα for all α ∈ R. Thus, it is the universal set, R2, minus

⋃
α∈R,
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which is equal to the set of all ordered pairs in R2, or points that make up the y-axis, other than
the origin. To show that sets B and C are not equal, we need only identify one element, or ordered
pair (x, y), that is in one, but not the other. This is because two sets are equivalent iff they are
composed of every and only the same elements. That said, consider the ordered pair (4, 7). This is
surely an element of B as it is a point in R2 and not the origin. However, it is not in C because it
is not of the form (0, y). Therefore, since (4, 7) ∈ B and (4, 7) 6∈ C, it follows that B 6= C.

Exercise 2. Carefully prove that, for all integers n, n2 − n is even.

Proof. Let n be an arbitrary integer. To show that n2 − n is even for all such n, it suffices show
that this property holds for all even and odd integers. That said, consider the following two cases:

Case I : Suppose n is an arbitrary even integer, which takes the form n = 2k for any k ∈ Z. We
can then use substitution and algebraic manipulation to produce the following:

n2 − n = (2k)2 − 2k

= (2k)(2k)− 2k

= 4k2 − 2k

= 2(2k2 − k)

Substituting 2k for n, we arrive at n2 − n = 2(2k2 − k) after some algebraic manipulation. Given
that k is an arbitrary integer, it follows that (2k2−k) is also an arbitrary integer. Thus, 2(2k2−k)
is some arbitrary multiple of 2. Moreover, given that an integer is even iff it is a multiple of 2, it
follows that n2 − n = 2(2k2 − k) is even. Therefore, n2 − n is even for any even integer n.

Case II : Suppose n is an arbitrary odd integer, which takes the form n = 2k+ 1 for any k ∈ Z.
We can then use substitution and algebraic manipulation to produce the following:

n2 − n = (2k + 1)2 − (2k + 1)

= (2k + 1)(2k + 1)− (2k + 1)

= 4k2 + 2k + 2k + 1− 2k − 1

= 4k2 + 2k

= 2(2k2 + k)

Substituting 2k + 1 for n, we arrive at n2 − n = 2(2k2 + k) after some algebraic manipulation.
Given that k is an arbitrary integer, it follows that (2k2 + k) is also an arbitrary integer. Thus,
2(2k2 + k) is some arbitrary multiple of 2. Moreover, given that an integer is even iff it is a mul-
tiple of 2, it follows that n2−n = 2(2k2+k) is even. Therefore, n2−n is even for any odd integer n.

Having proved that n2 − n is even for any even or odd integer n, we’ve proven that n2 − n is
even for any n ∈ Z.
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Exercise 3. Carefully prove that, for all integers n, n3 − n is a multiple of 3.

Proof. Let n be an arbitrary integer. To show that n3−n is a multiple of 3 for all such n, let’s first
consider the following way we can write n3 − n:

n3 − n = n(n+ 1)(n− 1)

= (n− 1)n(n+ 1)

This shows that n3−n is equal to the product of three consecutive integers. So, we must prove
that for any three consecutive integers, at least one of them is a multiple of 3, and hence also
divisible by 3, meaning that if we divide it by 3 we will not have any remainders (remainder 0).
This can be shown, by considering the following:

Case I Suppose n = 3k for k ∈ Z. Then, necessarily, n is a multiple of 3 and when divided by
3 has remainder 0.

Case II Suppose n = 3k+1. Then n is not a multiple of 3 and when divided by 3 has remainder
1. However, n− 1, is a multiple of 3.

Case III Suppose n = 3k+2. Then n is not a multiple of 3 and when divided by 3 has remainder
2. However, n+ 1, is a multiple of 3.

Thus, for any integer n, either it will be multiple of 3, n− 1 will be multiple of 3, or n+ 1 will
be multiple of 3. Having shown this, it follows that the product of any three consecutive integers
is also a multiple of 3, and hence, n3 − n is a multiple of 3 for all k ∈ Z.
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