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instructions. Enclosed you will find five problems. You must do all of them to complete this
midterm.

• You may use your book, notes, old homeworks, calculators, pencil, scratch paper, your
LATEX program, and our Canvas page once you’re ready to submit your midterm. No other
materials are allowed.

• You may not use your classmates. This is a measure of your proof-writing abilities to date,
not theirs.

• Other than Canvas as mentioned above, you may not use the internet.

• If you have any questions involving the wording of a problem, ask me. I will not help you
with content, and neither will A.

• The midterm is due Friday, October 17 at 9:45 am, uploaded to Canvas.

• Name your file LastnameMidterm.tex, and as usual upload both the .tex and .pdf files.

• Have a good time, and good luck!

• Make me proud.

Exercise 1. A set S ⊆ R is Scott if

∀x, y ∈ S, ((x < y)⇒ ∃z ∈ S such that x < z < y) .

(a) Prove or disprove that Z is Scott.

(b) Prove or disprove that Q is Scott.

(c) Let S = {π}. Prove or disprove that S is Scott.

Proof. Prove each part in the appropriate space provided below.

(a) Given the definition above, Z is Scott if

∀x, y ∈ Z, ((x < y)⇒ ∃z ∈ Z such that x < z < y) .

Thus, for any two consecutive integers, (k, k + 1), it must be the case that ∃z ∈ Z such that
k < z < k + 1. However, since there is no such integer z, it follows that Z is not Scott.
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(b) Given the definition above, Q is Scott if

∀x, y ∈ Q, ((x < y)⇒ ∃z ∈ Q such that x < z < y) .

Thus, for an arbitrary pair of rational numbers, (x, y), it must be the case that ∃z ∈ Q such
that x < z < y, when x < y. The number directly between x and y, for example, satisfies
these conditions, as x+y

2 (found by computing the average) is a rational number. Therefore,
since there is always a rational number in between any two distinct rational numbers, it follows
that Q is Scott.

(c) Given the definition above, S = {π} is Scott if

∀x, y ∈ S, ((x < y)⇒ ∃z ∈ S such that x < z < y) .

Thus it must be the case that for some (x, y) in S, we have that x < y. However, this implies
that there are two distinct elements in S. Since there are not, it follows that the antecedent
of the conditional statement above is false, and given the truth table of a conditional, the
whole statement must be true. That is, any claims made about the elements of S hold, since
they don’t exists. Thus, S = {π} is Scott.

Exercise 2. Prove that there exists two pairs (a, b) ∈ Z+ × Z+ such that

a2 − b2 = 2020.

Proof. As the expression a2− b2 is the difference of two squares, we may expand it and rewrite the
equation above as follows:

a2 − b2 = (a+ b)(a− b) = 2020.

Thus, since 2020 is the product of (a + b) and (a − b), it follows that (a + b) and (a − b) must be
one of the following factor pairs of 2020:

(1, 2020), (2, 1010), (4, 505), (5, 404), (10, 202), (20, 101).

To prove that there exists two pairs (a, b) ∈ Z+ ×Z+ such that a2 − b2 = 2020, we must show that
two such factor pairs have the property a2 − b2 = (a+ b)(a− b) = 2020. To do this, we may solve
the following system of equations for each factor pair (x, y) ∈ Z+ × Z+:

a+ b = x

a− b = y.

We may eliminate certain pairs by observing that 2a = x+ y for each factor pair (x, y) of 2020:

(1, 2020)→ 2a = 1 + 2020 = 2021

(2, 1010)→ 2a = 2 + 1010 = 1012

(4, 505)→ 2a = 4 + 505 = 509

(5, 404)→ 2a = 5 + 404 = 409

(10, 202)→ 2a = 10 + 202 = 212

(20, 101)→ 2a = 20 + 101 = 121.
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Notice that for all factor pairs of 2020 besides(2, 1010) and (10, 202), the sum of constituents is
odd and hence, not divisible by 2. Thus, for such factor pairs, a 6∈ Z+, and we do not have a pair
(a, b) ∈ Z+ × Z+ for which a2 − b2 = 2020. Completing the system of equations for the remaining
two factor pairs of 2020 however, we obtain:

(2, 1010)→ a = 506, b = 504

(10, 202)→ a = 106, b = 96.

Plugging in these values of a and b into the original equation, we get:

5092 − 5042 = 256036− 254016 =2020 = (1010)(2) = (506 + 504)(506− 504)

1062 − 962 = 11236− 9216 =2020 = (202)(10) = (106 + 96)(106− 96).

Since both factor pairs of 2020, yield distinct pairs (a, b) ∈ Z+ × Z+ for which a2 − b2 = 2020,
namely, (506, 504) and (106, 96), it follows that there are exactly two pairs (a, b) ∈ Z+ × Z+ such
that a2 − b2 = 2020.

Exercise 3. A certain farm has 30 horses, including 5 which speak the cow language, and 150
cows, of which 12 speak the horse language. (Please don’t question the logistics. I don’t care much
for neigh-sayers.) Obviously, they need to have a committee, consisting of 3 horses and 3 cows.
How many ways are there to choose the committee if there is at least one horse which speaks “cow”
and one cow which speaks “horse”? Carefully prove your answer.

Proof. Since the committee of animals will be made up of horses and cows, we can split the problem
up into two tasks, namely, (1) choosing horses and (2) choosing cows:

(1) Given that there must be at least one horse that speaks cow, and not exactly one, there are
three different types of horse combinations that can be made. Namely, we can have 1 cow-
speaking horse (of which there are 5) and 2 regular horses (of which there are 30 − 5 = 25);
we can have 2 cow-speaking horses and 1 regular horse; or we can have 3 cow-speaking
horses. Thus, the total number of ways to choose 3 horses is equal to the sum of all possible
combinations of each type. That is,

(5× 25× 24) + (5× 4× 25) + (5× 4× 3) = 3000 + 500 + 60 = 3560.

(2) Given that there must be at least one cow that speaks horse, and not exactly one, there are
three different types of cow combinations that can be made. Namely, we can have 1 horse-
speaking cow (of which there are 12) and 2 regular cows (of which there are 150− 12 = 138);
we can have 2 horse-speaking cows and 1 regular cow; or we can have 3 horse-speaking
cows. Thus, the total number of ways to choose 3 cows is equal to the sum of all possible
combinations of each type. That is,

(12× 138× 137) + (12× 11× 138) + (12× 11× 10) = 226872 + 18216 + 1320 = 246408.

Having obtained the total number of ways to choose horses and the total number of ways to choose
cows, we need only multiply the two to obtain the total number of ways to choose the committee
of animals. Thus,

3560× 246408 = 877212480.

is the total number of ways to choose the committee of animals such that there is at least one
cow-speaking horse and one horse-speaking cow (one bilingual animal of each kind).
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Exercise 4. A set S ⊆ R is nifty if

∃M ∈ Z such that ∀x ∈ R, ((x ∈ S)⇒ (|x| < M)) .

Prove or disprove each of the following:

(a) [−2, 1] is nifty.

(b) ∅ is nifty.

Proof. Prove each part in the appropriate space provided below.

(a) Let S = [−2, 1]. To prove that S is nifty, we need only show that there exists at least one
integer M that is greater than the absolute value of every element x ∈ S. Consider the
positive integer 4, for example. The smallest possible value |x| can take is 0, and the largest
is 2. Since both 0 and 2 are less than 4, it follows that for every element x ∈ S, there exists
at least one integer M that is greater. Thus, S = [−2, 1] is nifty.

(b) Let S = ∅. To prove that S is nifty, we need only show that there exists at least one integer
M that is greater than the absolute value of every element x ∈ S. However, there are no
elements in S. Therefore, the antecedent of the conditional statement above is false. Given
the truth table of a conditional, the whole statement must be true. That is, any claims made
about the elements of S hold, since they don’t exists. Thus, S = ∅ is nifty.

Exercise 5. The tiny island country of Mathematica has “the nerd” as its unit of currency. Every
price is in number of nerds, and there are no fractional nerd prices.

(a) Mathematica only has a 5-nerd piece and a 7-nerd piece. Prove that it is possible, through
exchanging nerds back and forth with a retailer, to pay for any item in Mathematica with
this currency.

(b) Generalize this problem as much as you can to an n-nerd piece and an m-nerd piece. (Or
more, if you like. Solutions above and beyond may earn a couple of extra points.)

Proof. Prove each part in the appropriate space provided below.

(a) We can assume that no items in Mathematica will cost 0 or a negative number of nerds.
Moreover, given that there are no fractional nerd pieces, it follows that item prices can only
have positive integer values. Thus, to prove that it is possibe, through exchanging nerds back
and forth with a retailer, to pay for any item in Mathematica with only 5-nerd and 7-nerd
pieces, we must show that we can obtain any positive integer by taking the difference of some
number of 7-nerd pieces and some number of 5-nerd pieces. Notice that 7(3)−5(4) = 21−20 =
1. Thus, the cheapest item in Mathematica (1-nerd value) can be obtained by exchanging three
7-nerd pieces for four 5-nerd pieces. Notice further that 7(3x)−5(4x) = 21x−20x = x. Thus,
any arbitrarily priced item, valued at x nerds, for x ∈ Z+, can be obtained by exchanging 3x
number of 7-nerd pieces for 4x number of 5-nerd pieces.
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(b) Any multiple k of an even integer 2l will be even, because k(2l) = 2(kl) for k, l ∈ Z. Moreover,
the sum and difference of any two even integers 2l, 2j, will also be even, since 2l+2j = 2(l+j)
and 2l − 2j = 2(l − j) for l, j ∈ Z. Thus, no sum or difference of two even integers (or their
multiples) will ever be odd. For this reason, any m-nerd and n-nerd pieces used for currency
in Mathematica can’t both be even as there would be no way to pay for oddly priced items.
However, the sum and difference of any two odd integers 2l + 1, 2j + 1, will always be even,
since (2l+1)+(2j+1) = 2l+2j+2 = 2(l+j+1)) and (2l+1)−(2j+1) = 2l−2j = 2(l−j) for
l, j ∈ Z. Moreover, the product of two odd integers 2l+ 1, 2j+ 1, will always be odd, because
(2l + 1)(2j + 1) = 4lj + 2l + 2j + 1 = 2(2lj + l + j) + 1, and the product of an odd integer
and an even integer will always be even, because (as shown previously) any multiple of an
even integer (an hence, any integer multiplied by an even integer) will always be even. Thus,
having two odd nerd pieces m,n ∈ Z+, can yield both even and odd integers. Pecisely, they
yield even integers when an odd number of one such piece is used to pay and an odd number
of the other is returned. And, they yield odd integers when an even number of one such piece
is used to pay and an odd number of the other is returned (and vise versa). Thus, it is possible
to pay for every item in Mathematica with any two odd integers m,n ∈ Z+ (so long as one
is not a multiple of the other). Likewise, it is possible to pay for every item in Mathematica
with any two nerd pieces m,n ∈ Z+, such that one is odd and one is even (so long as one is
not a multiple of the other). This is so, because they yield odd integers when an odd or even
number of the even piece is used to pay and an odd number of the odd piece is returned (or
vise versa). And, they yield even integers when an even or odd number of the even piece is
used to pay and an even number of the odd piece is returned (or vise versa). Therefore, it is
possible to pay for every item in Mathematica with any two nerd pieces m,n ∈ Z+, such that
at least one of them is odd and neither is a multiple of the other.

Remark 0.1. Showing a different way to prove that it is possible to pay for every evenly priced
item in Mathematica with only 7-nerd and 5-nerd pieces.

Notice that the difference between nerd pieces is an even number, namely, 7 − 5 = 2. So, if a
citizen of Mathematica wanted to purchase a 2-nerd item (smallest even value a item can have),
they could pay with a single 7-nerd piece, and recieve a 5-nerd piece from the retailer (smallest
quantity of nerd pieces). Moreover, notice that 7x − 5x = 2x, for x ∈ Z+. Thus, every item with
an even price 2x can be paid for by exchanging x number of 7-nerd pieces for the same quantity
(x) of 5-nerd pieces. Percisely, the number of 7-nerd pieces used (x) will always be equal to half of
the item price when getting back the same number of 5-nerd pieces. So, if a citizen of Mathematica
wanted to purchase a 14-nerd item for exmple, then they may pay with seven 7-nerd pieces (since
7(7)− 5(7) = 49− 35 = 14 = 2(7)).
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